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OKOUNKOV BODIES ASSOCIATED TO PSEUDOEFFECTIVE DIVISORS 


SUNG RAK CHOI, YOONSUK HYUN, JINHYUNG PARK, AND JOONYEONG WON 

Abstract. An Okounkov body is a convex body in Euclidean space associated to a big divisor 
on a smooth projective variety with respect to an admissible flag. We introduce two differ¬ 
ent convex bodies associated to pseudoeffective divisors, called the valuative Okounkov bodies 
and limiting Okounkov bodies. As in the case with big divisors, these convex bodies reflect 
asymptotic properties of pseudoeffective divisors. 


1. Introduction 

For a divisor D on a smooth projective variety X of dimension n, one can associate a convex 
body Ay,{D), called the Okounkov body of D, in the Euclidean space M” with respect to 
an admissible flag Y,. After the pioneering works by Lazarsfeld-Musta^a f |LMj l and Kaveh- 
Khovanskii ( |KK) 1. motivated by earlier works by Okounkov f |01j . |02j 1. the Okounkov bodies 
Ay,{D) have received a considerable amount of attention in a variety of flavors. It is believed 
that this convex body carries rich information of the asymptotic invariants of D. For example, 
it was proven in [LMt Theorem A] that if D is big, then the Euclidean volume of Ay,{D) in M” 
is equal to the volume vol(D) of D up to the constant n\. However, little is known about the 
Okounkov bodies for non-big pseudoeffective divisors. One of the annoying phenomena is that 
for a pseudoeffective divisor D which is not big, the associated convex body Ay,{D) is not full 
dimensional in M"' so that its Euclidean volume in M”' is zero. Nevertheless, it is still tempting to 
study asymptotic properties of pseudoeffective divisors using the associated Okounkov bodies. 

In this paper, we introduce and study two different convex bodies, the valuative Okounkov 
body A^^(D) and the limiting Okounkov body Ay™(D), associated to a pseudoeffective divisor 
D. These convex bodies can be regarded as a generalization of the Okounkov body of a big 
divisor because if D is big, then we have 

A^:^(D) = A^“(D) = Ay.(D). 

We will readily see that A^^{D) and Ay™(D) with respect to a suitable choice of an admissible 
flag Y, encode the asymptotic invariants of the divisor D as in the case of big divisors. 

Turning to the details, we first recall the construction of the Okounkov body of a big divi¬ 
sor which is equivalent to the ones given by Lazarsfeld-Mustafa i |LM] 1 and Kaveh-Khovanskii 
( |KK| ). Let D be a big divisor on a smooth projective variety X of dimension n. Fix an 
admissible flag on X 

y. : A = To A W D ... D D W = {x} 

where each U is an (n — i)-dimensional irreducible subvariety of X and it is nonsingular at x. 
For D' G |D|m := {D' | D D' > 0}, we define a valuation-like function 

u(D') =uy.(D') := (ui(D'),U2(D'),-- - ,u4D')) 

as follows. Set vi{D') := ordy^(D'), 1/2(1?') := ordy2((D' — ui{D')Yi)\Yf), and define i/j for z > 3 
inductively. The Okounkov body Ay, (Z?) of D with respect to Y, is defined as the closure of 
the convex hull of uy,(|Z?| r) in K>g. Note that if a given divisor D satisfies |Z?|r 7^ 0 (or 
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equivalently the litaka dimension k{D) is nonnegative), then the above construction can be 
carried out without any changes. See Subsection 13.11 for more details. 

We now introduce the valuative Okounkov body of an effective divisor. 

Definition 1.1. Let D be an M-divisor with n{D) > 0 on a smooth projective variety W, and 
Y, be an admissible flag on X. The Okounkov body Ay, (D) of D with respect to Y, is called 
the valuative Okounkov body of D, and it is denoted by 

We note that A^^{D) is not a numerical invariant (see Remark 13.131) but an invariant of linear 
equivalence (see Proposition 13.151) . To extract asymptotic invariants of an effective divisor D 
from the valuative Okounkov body A^*(I1), we consider an admissible flag Y, which contains a 
special subvariety U Y X such that k{D) = dimC/ and the natural map H^{X,Ox{['tnD\)) —>■ 
H^{U, Oij{\rnD\ij\)) is injective for every integer m > 0. We call such U a Nakayama subvariety 
of D (see Subsection l2.3h . We prove that any general subvariety of dimension k{D) is a Nakayama 
subvariety of D fProposition 12.9() . If D is big, then X itself is the unique Nakayama subvariety 
of D. 

Theorem A (=Theorem 13.12]) . Let D be an M-divisor with k{D) > 0 on a smooth projective 
variety X. Fix an admissible flag Y, containing a Nakayama subvariety U of D such that 
Yn = {a;} is a general point. Then we have 

dimA^^^(L») = k{D) and voI^^(d){A^^{D)) = —^ volx\uiD). 

For convenience, we define dim(point) := 0 and voIro (point) := 1 throughout the paper. 

We associate another convex body Ay™(D) to a pseudoeffective divisor D which reflect the 
asymptotic and numerical properties of D. 

Definition 1.2. Let D be an M-divisor with Ky{D) > 0 on a smooth projective variety A, and 
Y, be an admissible flag on X. The limiting Okounkov body of D with respect to Y, is defined 
as 

A^”(D) := ^lim Ay. {D + eA) = f| Ay. {D + eA) 

e>0 

where A is an ample divisor on X. 

Recall that D is a pseudoeffective divisor if and only if the numerical litaka dimension Ki,{D) 
is nonnegative. To investigate the asymptotic properties of a pseudoeffective divisor D using 
the limiting Okounkov body Ay™(D), we consider an admissible flag Y, which contains a special 
subvariety RCA such that Kj/(D) = dimR, V ^ B_(Z1) and vol~^^y{D) > 0. We call such V a 
positive volume subvariety of D (see Subsection 12.41) . We refer to Subsection [22] for the definition 
of the augmented restricted volume volJ^|y(D). We show that the intersection of (n — k^{D)) 
general ample divisors is a positive volume subvariety of D (Proposition I2.17|) . Thus we may 
take a general admissible flag Y, constructed by successively intersecting general ample divisors. 
If D is big, then A itself is the unique positive volume subvariety of D. 

Theorem B (=Corollarv 13.22]) . Let D be an M-divisor with Ky{D) > 0 on a smooth projective 
variety A. Fix an admissible flag Y, containing a positive volume subvariety V of D. Then we 
have 

d\v[iA^fF{D) = nflD) and vo1r„,(d) (A^”(D)) = vol+|y(^)- 

We can also extend the results of |LM] Proposition 4.1] and (Jj Theorem A] to the pseudoef¬ 
fective divisor case using the limiting Okounkov bodies. Note that the following theorem does 
not hold for the valuative Okounkov bodies (see Bemarks 13.131 and 13.16p . 
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Theorem C (=Theorem 13.28]) . Let D,D' be pseudoeffeetive R-divisors on a smooth projective 
variety X. Then D = D' if and only i/Ay™(L)) = Ay“(L)') for every admissible flag Y,. 

We finally remark that Boucksom also defined and studied the limiting Okounkov body (the 
numerical Okounkov body in his terminology) in [Bj. See Remark 13.241 for more details on his 
results. 

This paper is organized as follows. We start in Section [2] by collecting relevant basic facts on 
asymptotic base locus, augmented restricted volume, Nakayama subvariety, and positive volume 
subvariety. Section [3] is the main part of this paper. We first recall the construction of the 
Okounkov body Ay,{D) of a big divisor D in Subsection 13.11 We then introduce and study the 
valuative Okounkov body A™^(Z)) and the limiting Okounkov body Ay™(Il) of a pseudoeffective 
divisor D in Subsections 13.21 and 13.31 respectively. In Section H] we exhibit various examples. 

Aknowlodgement. We would like to thank Dr. A. M. Fulger for helpful suggestions and 
comments. 


2. Preliminaries 

In this section, we collect basic facts and introduce some notions used throughout the paper. 
First, we fix some notations. Throughout the paper, we work over the field C of complex 
numbers. For simplicity, a variety in this paper is assumed to be smooth, projective, reduced 
and irreducible, but a subvariety can be singular. By a divisor on a variety X, we always mean 
an M-divisor unless otherwise stated. A divisor D is called pseudoeffeetive if its numerical class 
[D] G N^(A)r := N^(A) ( 8 ) M lies in Eff(A), the closure of the cone N^(A)r spanned by the 
classes of effective divisors. A divisor is called big if its numerical class lies in Big(A), the 
interior of Eff(A). 

2.1. Asymptotic base locus. 

Let D be a pseudoeffective divisor on a variety X. When D is a Q-divisor, we define the 
stable base locus of D as 

SB(D) := p|Bs(mD) 

m 

where the intersection is taken over all positive integers m such that mD are Z-divisors, and 
Bs(mZI) denotes the base locus of the linear system |mD|. The augmented base locus B+(D) is 
defined as 

B+(D) :=f|SB(D-A) 

A 

where the intersection is taken over all ample divisors A such that D — A are Q-divisors. The 
restricted base locus B_(D) of D is defined as 

B_(D) :=|JSB(D + A). 

A 

where the union is taken over all ample divisors A such that D + A are Q-divisors. We have 
B_(D) C SB(D) C B_(_(D) for a Q-divisor D. One can check that a divisor D is ample (or 
nef) if and only if B_(_(II) = 0 (respectively, B_(D) = 0). The asymptotic base loci B+(D) 
and B_(D) depend only on the numerical class of D while SB(II) does not (see [Lai Example 
10.3.3]). For more properties, we refer to [ELMNPl] . 

Let V C A be an irreducible subvariety of X. When D is big, we define the asymptotic 
valuation of F at D as 

ordy(||D||) := inf{ordv'(D') | D = D' > 0}. 

When D is only pseudoeffective, we define ordydlDjl) := lime_).o+ordy(||D -|- eAjj) for some 
ample divisor A. This definition is independent of the choice of A, and the value o'n iiTn (D) 
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depends only on the numerical class [D] G N^(X)r. It is a birational invariant: for a birational 
morphism f : Y ^ X with the exceptional divisor E such that f{E) = V, we have ordy(||D||) = 
ord£;(||/*(Z))||) (see [BBPi Lemma 1.4]). The restricted base locus B_(H) can be characterized 
as follows. 


Theorem 2.1 f [ELMNPTl Proposition 2.8],[Nl Lemma V.1.9]). Let D be a pseudoeffective 
divisor on a variety X, and V C X an irredueible subvariety. Then V C if and only if 

ordy(||L>||) > 0. 

For more details on asymptotic valuations, see |ELMNPl] and [N] . 


2.2. Augmented restricted volume. 

To introduce the notion of the augmented restricted volume, we first recall the classical volume 
function and the restricted volume function. Let be a Q-divisor on a variety X of dimension 
n. Recall that the volume of D is defined as 


volx(41) := limsup 

m—>-oo 


h^{X,Ox{mD)) 
mT jnX 


The volume volx(41) depends only on the numerical class of D. Furthermore, this function 
uniquely extends to a continuous function 


volx : Big (A) —M. 

Let E be a u-dimensional subvariety of X. For the natural restriction map ip : H^{X, Ox{D)) —> 
H^{V,Ov{D)), we denote the image Im((/9) by H^{X\V, D) and its dimension by h^{X\V, D). 
The restricted volume of D along V is defined as 

. V hO(XlV,mD) 

volxiv(-D) := hmsup-——-- 

m^oo ^ /e1 

f [ELMNP2[ Definition 2.1]). The restricted volume volx|y(D) depends only on the numerical 
class of D. Furthermore, this function uniquely extends to a continuous function 

volxiu : Big^(A) R 

where Big'^(A) is the set of all R-divisor classes ^ such that V is not properly contained in any 
irreducible component of B+(^). Note that by letting V = X, we recover the usual volume func¬ 
tion volxjjjf (D) = volx(D). For more details on the functions volx and volx|v, see [ELMNP2], 
|La| . [Le] . etc. 

Bv |ELMNP2l Theorem 5.2]. volv|T/fIl') = 0 if E is an irreducible comoonent of Bo. (D). 
Similarly, volx(D) = 0 if D is not big (i.e., X = B_|_(Z1)). Thus the functions volx|y and volx 
do not capture the subtle asymptotic properties of pseudoeffective divisors that are not big on 
E or X. In such situations, the following function seems useful. 


Definition 2.2. Let D be a pseudoeffective divisor on X, and E C A be a subvariety such that 
E ^ B_(I1). The augmented restrieted volume of D along E is defined as 

volJ^|y(D) ;= ^lim^volx|y(D -h eA) 
where A is an ample divisor on A. 

The definition is independent of the choice of A. As with volx and volx|y, one can check 
that the augmented restricted volume volJ^|y(Il) depends only on the numerical class of D. 
By the continuity of the function \o\x\v: we see that vol]]^|^(D) coincides with volx|v'(D) for 
D G Big'^(A). Furthermore, we have a continuous function 

vol+i^ : Eff'^(A) ^R 
















OKOUNKOV BODIES ASSOCIATED TO PSEUDOEFFECTIVE DIVISORS 


5 


where Eff'^(X) := Big'^(X) U G Eff(X) \ Big(X) | V % B^(0}. For D G ES^{X), the 
following inequalities hold by definition: 

volx|v(E>) < vol+|^(E>) < vo\v{D\v). 

Both inequalities can be strict in general. 

Example 2.3. Let S' be a relatively minimal rational elliptic surface, and H be an am¬ 
ple divisor on S. Take a general element V G \kH\ for a sufficiently large k > 0. Then 
vol 5 |v'(—iLg) = limsup ^ jg independent of k and H. However, one can 

m—^oo 

see that vol^|y(—iL 5 ) = k{—Ks) • H which can be arbitrarily large depending on k. Thus 
vols\vi-Ks) < vol+|^(-iLs). 

2.3. Nakayama subvariety. 

In this subsection, we introduce and study Nakayama subvarieties of divisors, which are closely 
related to the litaka dimension. 

Definition 2.4. For a divisor D on a variety X, let N(D) = {m G Z>o| I I 7 ^ 0}- For 
m G N{D), let $mD : X pdim|[mDJ| rational map defined by the linear system 

I [mD\ I . We define the litaka dimension of D as the following value 


KiD) := 


max{dimIm(<hmD) | "r G N(D)} if N(Z)) / 
-oo if N{D) = 


Remark 2.5. If D is a divisor such that k,{D) > 0, then there exists an integer mo > 1 such 
that h^{X,Ox{['mmoD\)) ~ for m ^ 0 ((Nj Theorem II.3.7]). For this mo, we have 

n{D) = K{moD). Thus in many situations below, we may assume that mo = 1. 

Remark 2.6. If D ~]k D’ and D,D' are effective, then n{D) = k{D'). However, the litaka 
dimension k{D) is neither an M-linear nor numerical invariant in general ([Gl Remark 2.1], [Lei 
Example 6.1]). 

Definition 2.7. Let D be a divisor on a variety X such that n(D) > 0. A subvariety U C X 
is called a Nakayama subvariety of D if k{D) = dim!/ and the natural map 

H\X,Ox{\mD\)) ^ H\U,Ou{[mD\u\)) 

is injective (or equivalently, H^{X,Xjj G Ox{\jnD\)) = 0 where Tjj is an ideal sheaf of 1/ in A) 
for every integer m > 0. 

By definition, 17 = A is the (unique) Nakayama subvariety of D if and only if D is big. More 
generally, Nakayama subvarieties have the following property. 

Lemma 2.8. Let D be a divisor such that k{D) > 0, and U X X be its Nakayama subvariety. 
Then D\if is big. 

Proof. By the definition of Nakayama subvariety, we have 

h^{U,Ou{[mD\u\)) > h\X,Ox{lmD\)) 

for every integer m > 0. Since h^{X, Oxi[jnD\)) ~ for m S> 0, the assertion follows. □ 

The following lemma guarantees the existence of Nakayama subvarieties. It also shows that 
a Nakayama subvariety is not unique in general. 

Proposition 2.9 (cf. [HI Lemma V.2.11]). Let D be a divisor on X such that k{D) > 0. Any 
general subvariety U C X of dimension k{D) is a Nakayama subvariety of D. 
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Proof. Consider a dominant rational map ipm '■ X Zm induced by a complete linear series 
I [uiDj I for any integer m > 0 such that | [mDj | 7 ^ 0. We have dimZ^ < = dimt/. Let 

f '■ Y —>■ X be the blow-up at U with the exceptional divisor E. Since 17 C X is general, 
f*{[mD\) — kE is not effective for any /c > 0. Thus H^{X,Iu (8> Oxi[mD\)) = 0, and hence, 
the assertion follows. □ 

Corollary 2.10. If the effective divisors D,D' on a variety X satisfy D ~r D', then D, D' 
have a common Nakayama subvariety. 

Proof. The given condition implies that n(D) = k{D') > 0. By proposition 12.91 any general 
subvariety 17 C X of dimension k{D) is a Nakayama subvariety of D. □ 

2.4. Positive volume subvariety. 

We introduce and study positive volume subvarieties of divisors, which are closely related to 
the numerical litaka dimension and the restricted volume. First, we review the numerical litaka 
dimension. 


Definition 2.11. Let D be a divisor on a variety X. We define the numerical litaka dimension 
of D as the nonnegative integer 


Ky{D) ■.= max < fe G Z>o 






for some fixed ample Cartier divisor A if hP{X, Ox{Y^D\ -|- X)) 7 ^ 0 for infinitely many m > 0 
and we let Ky{D) := —00 otherwise. 


The numerical litaka dimension k^{D) depends only on the numerical class [D] G N^(X)r. 
One can easily check that k{D) < Ki,{D) holds and the inequality is strict in general (see [Let 
Example 6.1]). However, if Ki,{D) = dimX, then k,{D) = dimX. See [Le] and [N] for detailed 
properties of k and 

The following theorem relates the numerical litaka dimension Hy{D) and volJ^|y {D). 

Theorem 2.12 l [Le[ Theorem 1.1]). Let D be a pseudoeffective divisor on a variety X. Then 
we have 

Ku{D) = max{dimfT| volJ^|p^(D) > 0 andW % B_(Z1)}. 


The numerical litaka dimension actually coincides with many other invariants defined 

with D. For details, see [Le] . 


Definition 2.13. Let D be a pseudoeffective divisor on a variety X. A subvariety F C X 
of dimension k^{D) such that vol^|y(D) > 0 and V % B_(Z1) is called a positive volume 
subvariety of D. (In other words, a positive volume subvariety F C X is the subvariety at which 
the maximum in Theorem 12.121 is attained.) 

Theorem 12.121 guarantees the existence of a positive volume subvariety. 


Example 2.14. Let S' be a relatively minimal rational surface with a reducible singular fiber, 
and E a (—2)-curve in a singular fiber. Then E % B_(— 775 ) but vol]||g(—X 5 ) = 0. In this 

example, we see that F % B_(Z1) and dimF = does not imply vol^|^(D) > 0. 

By definition, if D is a big divisor on X, then F = X is the unique positive volume subvariety 
of D. We prove some notable properties of positive volume subvariety. 

Lemma 2.15. If D and D' are pseudoeffective divisors on a variety X such that D = D', then 
they have the same positive volume subvarieties. 

Proof. Note hrst that B_(D) = B_(D'). The statement then follows from the fact that 
vol^|y(D) depends only on the numerical class [D] for any F ^ B_(D) = B_(i7'). □ 
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Let y be a smooth subvariety of a variety X. A birational morphism f : Y —>■ X is said to 
be V-birational if V is not contained in the center of the /-exceptional locus. We denote by V 
the proper transform of V on Y. Then the pair (Y, V) is called a V-birational model of X (see 
[Lei Definition 2.10]). 

Proposition 2.16. Let V C X be a positive volume subvariety of a pseudoeffective divisor D 
on a variety X. If f : Y ^ X is a V-birational morphism, then V is also a positive volume 
subvariety of f*D. 

Proof. The birational transform V CY of V has dimension dimP = dimP = Ki,{D) = Ki,{f*D). 
If P C B_(/*(D)), then P = f{V) C /(B_(r(D)) = B_(D). Thus P ^ B_(/*(D)). It is 
enough to show that vol^|~(/*II) > 0. Since V % B_(II) by definition, for any ample divisor 

A on X, we have V ^ B_|_(D -|- A). We can also check that V ^ B-i.(f*D + f*A) using [BBPl 
Proposition 2.3]. Note that there is an effective divisor E on Y such that f*A — E is ample. 
Thus we have 

vol+~(/*D) = ^hm voV|^(rD + sir A - E)). 

The difference | vol^|^(/*T> + e(/*^ — E)) — vol^|y (/*ZI + e/*^)| can be arbitrarily small when 
e > 0 is sufficiently small. On the other hand, by [ELMNP^ Lemma 2.4], we have 

vol]j^|y(L») = ^hm^volx|y(T> + eA) = ^hm^voly|^(/*D ef*A). 

Since volJ^|^(D) > 0, it follows that vol^|~(/*II) >0. □ 

The following proposition guarantees the existence of positive volume subvarieties. 


Proposition 2.17. Let D be a pseudoeffective divisor on a variety X of dimension n. If 
k,u{D) < n, then the subvariety V := n • • • 0 satisfies volJ^|y(D) > 0, where Ai are 

sufficiently ample divisors. In particular, V is a positive volume subvariety of D. 


Proof. By Theorem 12.121 there exists a positive volume subvariety W of D. In particular, we 
have volJ^i^(D) > 0. We can take a sequence {iLj}jez>o of ample divisors on X such that each 
D Hi is a Q-divisor and Lfj —>■ 0 as i —>■ oo. For a large and sufficiently divisible integer k, 
choose K,p{D) general divisors E\^, - ■ ■ , E |fc(ZI -|- Hffi. We have 

#(P n El, n • • • n \ sb(f + h,)) > #(w n f^,, n • • • n \ sb(f + h,)). 

Thus by applying [ELMNP^ Theorem B], we obtain 

#iVnEl ,n-nE^f°\sB(D+Hi)) 


volx\v{D + Hi) = lim 

fc—>-oo 

> lim 
k^oo 


#{WnEl,n-nEl'fffi\sB{D+Hi)) 

kEfto) 


— volx|u/(F + Hi). 


This immediately implies that volJ|y(F) > vol^ny(F) > 0. Since Ai,--- suffi¬ 
ciently ample, we can assume that V % B_(F). □ 


It is known that D\v is pseudoeffective for any subvariety PCX such that V % B_(F). 
Thus k{D\v) > 0. Furthermore, we have the following. 

Theorem 2.18. Let V be a positive volume subvariety of a pseudoeffective divisor D on a variety 
X. Then volv(F|y) > 0. In particular, D\v is big on V and Ky{D) = k,u{D\y) = dimP. 
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Proof. By taking a suitable l^-birational model and considering Proposition l2.16l we may assume 
that V is smooth. We can take a sequence of ample divisors Ai such that D + Ai are Q-divisors 
and —>■ 0 as i —>■ oo. Since P C X is a positive volume subvariety of D, there exists a constant 
Co such that for any large integer A: > 0, we have 


lim sup 

m—>-oo 


h^{X\V,m{D + Ak)) 

(Z)) 


>Co 


where m is taken over all positive integers such that m{D + A^) is a Z-divisor. Note that 
h^{X\V,m{D + Afc)) < h^(y,m{D\v + Ak\v))- Thus for any large integer A: > 0, we also have 


lim sup 

m^oo 


h^{V,m{D\v + Ak\v)) 
(Z)) 


>Co. 


By the continuity of the volume function voly, we get volv'(T>|y) > 0. Thus D\y is big on V. □ 


3. Okounkov body of a pseudoeffective divisor 

In this section, we introduce and study two Okounkov bodies A^^{D) and AyP{D) for a 
pseudoeffective divisor D on a smooth projective variety of dimension n. 

3.1. Okounkov body Ay,{D). 

We first recall the construction of the Okounkov body of a big divisor D and a graded linear 
series VT, associated to D from |LMj . We remark that the construction of Ay,{D) in the 
introduction is equivalent to the one given below (see |KLj 1. 

Throughout this subsection, we fix an admissible flag T, on a variety X of dimension n 

y. : X =Yo D D Y 2 D ■ ■ ■ D Yn -1 D Yr, = {x} 

where each Tj is an (n — zj-dimensional subvariety of X and it is nonsingular at x. We first 
assume that ID is a big Cartier divisor on X. For a section s G H^{X, Ox{D)) \ {0}, we define 
the function 

y(s) = Py.(s) ;= (Pi(s),y2 (s),--- ,Pn(s)) G Z>o 
as follows. Let ui = ui(s) := ordyj(s). Using a local equation fi for Yi in X, define a section 

4 S ® /r"' G II°(X, Ox{D - PiUi)). 

Since does not vanish identically along Yi, its restriction s'^|yj defines a nonzero section 

Si := s'lln G H^YyOyAD - PiUi)) \ {0}. 

Now take 1^2 = ^ 2 is) ■= ordy2(si). Continuing this manner, we obtain the nonnegative integers 
i'i{s) for all 1 < i < n so that y(s) G Z>o- Each integer Uj = i'i{s) does not depend on the choice 
of the local equation fi chosen to define s' and sy 

Recall that a graded linear series W,{D) = {Wm := IFm(-D)}m>o associated to D consists of 
subspaces Wm Y H^{X,Oxi'mD)) with Wo = C satisfying Wm ■ Wi C Wm+i for all m,l > 0. 
The graded semigroup of W, is 

r(W.) := {(p(s),m) I Wm + {0} and s G W^ \ {0} } C Z^q x ^> 0 - 

Definition 3.1. Under the same notations as above, we associate the convex body Ay,(W,) 
called the Okounkov body of a graded linear series W, with respect to an admissible flag Y, on 
X as follows; 

Ay.(w.) := S(r(W.)) n (M% X {1}) 

where S(r(W,)) denotes the closure of the convex cone in M>q x M>o spanned by r(W,). If W, 
is a complete graded linear series (i.e., Wm = H^{X,0{mD)) for each m), then we denote by 

Ay.(ID) = Ay.(w.). 
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We naturally treat Ay,(W,) as a convex subset in i.e., Ay,(VF,) C By construction, 
the Okounkov body Ay, {D) depends on the choice of the admissible flag Y,. By the homogeneity 
of Ay,{D) ( [LMt Proposition 4.1]), we can extend the construction of Ay,(H) to Q-divisors D 
and even to M-divisors using the continuity of Ay,{D). 

Remark 3.2. Note that the above constructions of Ay, (Zl) and Ay, (FF,) work as long as 
H^{X, Oxi'rriD)) ^ 0 or Wm 7 ^ 0 for some m. Thus it is not necessary to assume that a given 
divisor D is big to dehne the Okounkov body Ay, (H). 


Remark 3.3. Let Y, be an admissible flag on a variety X of dimension n. For each integer k 
such that 0 < k < n, we can dehne the k-th partial flag Yk, of Y, as 

Yk. : W A Ffc+i D ... D W = {x}. 

Then Y^, is an admissible hag on a smooth projective variety Yk of dimension n — k. Thus for 
a Cartier divisor Z1 on A, we can dehne the function 

VY,. ■. H\X\Yk,Ox{D))\{^} 

as we did above. Let 

Ty,{D) := {{uY,.{s),m)\s G H^{X\Yk,Ox{mD)) \ {0},m > 0}. 

The k-th partial Okounkov body of a divisor D on X with respect to the k-th partial hag Yk, is 
dehned as 

Ay,.{D) :=S(ry,(il))n(M^o^x{l}) 

where S(ryj.(Zl)) is the closure of the convex cone in x ]R>o spanned by Ty^{D). These 

partial hags and partial Okounkov bodies will be useful in the next subsections. 


Under the following conditions, the Okounkov body Ay, (FF,) behaves well. 

Definition 3.4 1 [LM1 Dehnitions 2.5 and 2.9]). 

(1) We say that a graded linear series FF, satishes Condition (B) if FFm f 0 for all m 0, and 
for all sufficiently large m, the rational map ipm '■ X —■> P(FFm,) dehned by jFFmj is birational 
onto its image. 

(2) We say that a graded linear series FF, satishes Condition (C) if 

i. for every m ^ 0, there exists an effective divisor Fm such that the divisor '■= mD — Fm 
is ample, and 

ii. for all sufficiently large p, we have 

H\X,Ox{pA^)) C Wpm C H\X,Ox{pmD)). 

If FF, is complete, i.e., Wm = H^{X, Ox{mD)) for all m > 0 and D is big, then it automati¬ 
cally satishes Condition (C). 


Theorem 3.5 f |LMl Theorem 2.13]). Suppose that a graded linear series FF, satisfies Condition 
(B) or Condition (C). Then for any admissible flag Y, (with a general choice of the point 
Yn = {x} when IF, only satisfies Condition (B)), we have 


where 


dim Ay, (IF,) = dim A(= n) and voliRn(Ay, (IF,)) 


^ • volx(W.) 
n\ 


volx(LF.) := 


lim 

m^oo 


dimlF^ 

m'^fnl 


Note that |LMl Theorem 2.13] also requires Condition (A) f [LM[ Dehnition 2.4]), but it is 
automatically satished since we always assume our variety X is projective. The smoothness 
assumption on X is not necessary for this theorem. 
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Remark 3.6. It is well known by [LMl Proposition 4.1] that for a fixed admissible flag Y, on 
X, if D is a big divisor on X, then Ay,{D) depends only on the numerical class of D. If D is 
not big, then it is no longer true. See Remark 13.131 

Remark 3.7. The k-th partial Okounkov body Ay^,(Z)) depends on the numerical class of D 
D\y^ is big. 

3.2. Valuative Okounkov body A^^{D). 

Now we define the valuative Okounkov body of a divisor D with k{D) > 0 on a 

variety X of dimension n. 

Definition 3.8. Let D be a divisor on a variety X of dimension n such that k{D) > 0. The 
valuative Okounkov body A^^{D) associated to D with respect to an admissible flag Y, on X is 
defined as 

A^^{D) := Ay.(D) C M*". 

For a divisor D with k{D) = —oo, we define A^^{D) := 0. 

Obviously, the definition of A^^{D) depends on the choice of Y,. However, we will see below 
that if y, contains a Nakayama subvariety U oi D (i.e., = U), the valuative Okounkov 

body A^*(D) depends only on the choice of a Nakayama subvariety of D and the (n — K{D))-th 
partial flag on it. 

Remark 3.9. If D is big, then A^^(D) coincides with Ay, (D) for any admissible flag Y, on X. 

Now fix a Nakayama subvariety U Y X oi D. Consider the restricted complete graded linear 
series W,{D\U) of a Cartier divisor D along U which is given by Wm{D\U) := H^{X\U, mD) for 
each m > 0. Recall that H^{X\U, mD) is the image of the restriction map (pu : H^{X, Ox {mD)) —>■ 
H^{U, Ou{mD\u)). Note that W,{D\U) is a graded linear subseries of W,{D\u) on U. Thus we 
can consider the function 

Since the natural restriction map pu is injective for each m, we may treat the function 
as defined on the sections s G H^{X, Ox{mD)) \ {0} by letting 

Proposition 3.10. Let s € H^{X,Ox{'mD)) \ {0}. Then under the settings as above, we have 

uy.(s) = (0^_^,py^_^(^).(s)). 
n—K(D) 

In particular, A^^{D) C x C and we can regard A^^(D) as a subset of 


Proof. By the definition of Nakayama subvariety, we have for all m > 0 

H^{X,Iu (L)Ox{mD)) = 0. 

Let k be any integer such that 1 < A; < n — K{D). Then since A U, it follows that H^{X,lYk ® 
Ox{mD)) = 0. Thus we obtain Vk{s) = 0. This implies that 

z^n-K(D)+i(s) = = ^iL-«(i,).,i(v^f/(s))- 

This shows the required equality. □ 
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Remark 3.11. Let Y, be an admissible flag containing a Nakayama subvariety 17 of a pseu¬ 
doeffective divisor D on X. Then the valuative Okounkov body A^*(Z1) can be constructed 
alternatively as follows. Consider the (n — K{D))-th partial flag Yn-K{D)» on U. Since W»{D\U) 
is a graded linear subseries associate to D\u on U, we can define the Okounkov body 

as in Definition 13.11 By regarding as a subset of (Proposition 13.10|1 . we have 

Thus (1T,(I1|17)) gives an alternative construction of A^^(Zl). 

The following is the main property of A^*(71). 

Theorem 3.12. Let D be a divisor such that k{D) > 0 on a smooth projective variety X, and 
fix an admissible flag Y, containing a Nakayama subvariety U of D such that Y^ = {rr} is a 
general point. Then we have 

dim (D) = k{D) and vo1r«(d) (A^^^(D)) =volx|uP)- 

Proof. We hrst consider the case where D is a Cartier divisor. We see that A^^{mD) = 
^A^^(Zl) for any integer m > 0. Thus we may assume that the constant mo in Remark 
[231 is equal to 1. In particular, hfi{X, Ox{mD)) > 0 for any integer m > 0. By Remark l3.111 we 
have A^*(Z1) = Ay^_^^^^^(lT,(71|17)). By the properties of a Nakayama subvariety, there exits 
an integer mo such that hP{X,Ox{mmQD)) = dimBTnmo ~ for all m ^ 0 (cf. Remark 

12.5p and dim!/ = k{D). Furthermore, Yn = {x} is assumed to be general. By |LMl Remark 2.8] 
and Theorem 13.51 we obtain the theorem. By the similar argument as in [LMj , we can easily 
extend the results to Q- or M-divisors. We leave the details to the interested readers. □ 

Remark 3.13. It is natural to ask whether Ai^^{D) is a numerical invariant of D or not. If 
D is a big divisor on X, then by Bemark 13.91 A^^(Zl) depends only on the numerical class of 
D. However, in general, we may have n{D) < k{D') for divisors D, D' satisfying D = D' (see 
[Lei Example 6.1]). Thus by choosing an admissible flag T, containing a Nakayama subvariety 
of both D and D', we obtain A^^{D) / A^^(i7'). 

Remark 3.14. If we drop the condition n{D) > 0, then Theorem 13.121 does not hold. For 
example, take two distint points P, Q on and an irrational number a as in 0 Remark 2.1]. 
Set D := a{P — Q). Then D 0 and A'^^{D) = {0 € M^}. However, we have k{D) = —oo. 

On the other hand, we have the following. 

Proposition 3.15. If two effective divisors D, D' satisfy D ~]r D', then A^^(D) = A^^(D') 
with respect to any admissible flag Y,. 

Proof. It is trivial. □ 

Remark 3.16. The converse of Proposition 13.151 is false in general. For example, consider a 
minimal ruled surface f : S ^ C over a smooth projective curve of genus g > 1. Let Fi := f*P 
and F 2 := f*Q where P and Q are two distinct points on C. Note that Fi F 2 . However, 
we claim that A^^(F’i) = A^^(F 2 ) for any admissible flag Y, on S. To see this, observe that a 
curve Yi is either a fiber of / or dominating C via /. In the first case, we have 

A^^^iFi) = A^^^{F2) = {{xi,X2) G m2 I 0 < XI < 1,X2 = 0}. 
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In the second case, note that Yi is a Nakayama subvariety of both Fi and F 2 . Furthermore, we 
have 

V0ls|Yi(^l) =Yi- Fi=Yi- F2= V0l5|y^(F2), 
and hence, the claim follows. 

3.3. Limiting Okounkov body Ay™(ZI). 

We now define and study the limiting Okounkov body Ay™(D) of a pseudoeffective divisor 
D on a. variety X of dimension n. 

Definition 3.17. Let D be a pseudoeffective divisor D on a variety X of dimension n. The 
limiting Okounkov body Ay™(Zl) of D with respect to an admissible flag Y, is defined as 

Al^(D) := lim Ay (D + eA) C R*" 

e-i-0+ 

where A is any ample divisor. If D is not a pseudoeffective divisor, then we define A^™(D) := 0. 

Remark 3.18. It is easy to see that the definition of the limiting Okounkov body does not 
depend on the choice of an ample divisor A. If D is big, then Ay™(D) coincides with Ay, (D) 
for any admissible flag Y, on A. 

We are mainly interested in the limiting Okounkov bodies Ay™(11) when Y, contains contains 
a positive volume subvariety V of D. To investigate such Ay™(Il) in detail, we introduce the 
following alternative construction, which also gives the same convex body as Ay™(Zl) after all 
(see Proposition I3.2ip . This construction is often more convenient to study the asymptotic 
invariants of pseudoeffective divisors. To begin with, we first consider a pseudoeffective Cartier 
divisor D on a variety X of dimension n. Let V C A be a positive volume subvariety of D. Fix 
an admissible flag 14 on Y: 

V.:V = VoAViD---DV,^^d) = {x}. 

Let A be an ample Cartier divisor on A. For each integer k > 1, consider the restricted 
graded linear series := W,{kD + A\V) of kD + A along V given by Wm{kD + A\V) = 
hP{X\V,m{kD + A)) for m > 0. We define the restricted limiting Okounkov body of a Cartier 
divisor D with respect to a positive volume subvariety Y of D as 

A|;Y(Z1) := lim C 

* fc—>-oo k 

By the continuity, we can extend this definition for any pseudoeffective R-divisor D. 

Definition 3.19. Let D be a pseudoeffective divisor D on a variety A with a positive volume 
subvariety Y C A. The restricted limiting Okounkov body Ay™(D) of D with respect to Y, as 

A|(™(D) := lim^ Ay.(D + eA) C 

for some ample divisor A on A. If D is not pseudoeffective, then we define Ay™(D) := 0. 

This definition depends on the choice of Y and the admissible flag V, on it, but it is inde¬ 
pendent of the choice of A. By definition, Ay™(Zl) is a closed convex subset of By the 

inclusion x R”-, we often treat Ay™(Zl) as a subset of R'^. 

The following is the main property of the limiting Okounkov body Ay™(D). 

Theorem 3.20. Let D be a pseudoeffective divisor on a variety X. Fix a positive volume 
subvariety Y C A of D and consider an admissible flag V, on V. Then we have 

dimA!i)Y(D) = K^,{D) and vo1]r«.(c)(A|(™(D)) = ^ p)! 
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Proof. It is enough to consider the case where D is a Cartier divisor since the M-divisor case 
follows by the standard argument. Since V % B_(L)) by definition, it follows that V % B+(A:ii) + 
A) for any k > 1. Let := W,{kD + A\V) be the restricted graded series of kD + A along V 
for A: > 1. Then Wjf satishes Condition (C) by |LM[ Lemma 2.16]. It follows from Theorem 13.51 
that for each k > 1, we have 

dim Av.(IT,^) = dimF = Ku{D) 

and 

^ volx\v{kD + A). 

The first equality implies dimAy™(Z)) = Ky{D), and the second equality yields the following 
computation: 

vo1r«,(d)(A'^“(T»)) = vo1ir„,.(d) (^^li^ ^Ay. { W ^)^ 

= V01]R«.(C) Ay.(IT,'=) 

□ 


Proposition 3.21. Let D be a pseudoeffective divisor on a variety X of dimension n, and fix 
an admissible flag Y, containing a positive volume subvariety V = of D. Then 

In particular, A^fff{D) depends on the (n — Ky{D))-th partial flag V,. 


Proof. We will denote Ky := Ky{D). If Ky = n, then there is nothing to prove. Therefore, we 
assume that 0 < Ky < n. Fix an ample divisor A on X. By definition, the positive volume 
subvariety = F is not contained in B_(T)). Since Yi D Yn-^y for 0 < i < n — Ky, we 

have Yi % By(il + eA) for any e > 0. Thus [LMl Theorem 4.26] implies that if 0 < i < n — Ky, 
then Ay,{D + eA) D ({0}* x M"’"*) = Ay.. (Zl + eA). By taking the limit e —)■ 0, we obtain for 
0 < i < n — Ky 

(•) A'ir{D) n ({O}- X R"-‘) = Ay,.(D + eA) =: A»:;(D). 

Since Yn-Ky = V, it is enough to check A^fff{D) C {0}”'“'^'" x to prove Ay™(D) = Ay™(T>). 
Suppose that this does not hold, i.e., 

^yT(.D) % {0}’"“'"" X R'"'^ C R*". 

Then by Theorem 13.201 I := dim Ay™(il) > Ky = dim Ay™(D) and we have 

Ay“(D) c R*1 X R*2 X • • • X R*—x R'"'^ 

where ij = 0 or 1, ^ ~ •= {0}- For simplicity, we may just assume 

Ay“(T>) C X {or"' X R'^T 

Now consider a sufficiently positive divisor A so that Ay. (eA') contains n-simplex Ag of length 
e: 


Ag := { (xi, • • • ,Xn) 


> 0 and ^^Xi < e > T Ay.i^A') 


2=1 


for all e > 0. We may also assume that A is sufficiently ample so that A' -.= A — A is also 
ample. By the convexity of Ay. (Z?) (cf. [LM] Proof of Corollary 4.12]), we have 

Ay™(Zl) + Ag C Ay™(Zl) + AY,(eA) C Ay. (ZZ Ye A') + Ay,{£A') C Ay. (ZZ Ye A). 
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Thus by considering the Euclidean volumes in M"’ of the convex hull of Ay™(Z))U C Ay™(D) + 
Ag and Ay. (L) + eA), we obtain 

C ■ volmi Ay™(L)) • < voIr^ Ay .(D + eA) = ^ • vol(D + eA). 

* n\ 

for some constant C > 0 depending only on n and 1. Consequently, C ■ e'^~^ < vol(D + eA) for 
the constant C' := C ■ n\ ■ voIr* Ay“(il)) > 0. However, this is a contradiction to [Let Theorem 
1.1 (2)] since I > Ky. □ 

Corollary 3.22. Let D be a pseudoeffective divisor on a smooth projective variety X. Fix a 
positive volume subvariety V F X of D and consider an admissible flag Y, on X containing V. 
Then we have 

dimA^ffiD) = nffD) and vo^.^co)(A^“(D)) = ^ 

Proof. Immediate by Theorem 13.201 and Proposition 13.211 □ 

Remark 3.23. We do not need to assume the generality of W, = {x} as we did for the valuative 
Okounkov body in Theorem 13.121 

Remark 3.24. Boucksom also studies the limiting Okounkov body (the numerical Okounkov 
body in his terminology) of a pseudoeffective divisor with respect to any admissible flag in (Bj 
4.1.3]. He defines the limiting Okounkov body as a fiber of the global Okounkov body (see |LMl 
Theorem Bj) over a given pseudoeffective divisor class. He proves that dimAy™(Zl) < Ky{D) 
for any admissible flag Y, (IS Lemma 4.8]) and the inequality can be strict (IS Example 4.14]). 
Furthermore, he also shows that there exists an admissible flag Y, such that dimAy™(L)) = 
Ky{D) when D is nef ( IS Proposition 4.9]). Our result Corollary 13.221 can be regarded as a 
generalization of his result. 

Using Corollary 13.221 we can give a new characterization of numerical litaka dimension. 

Corollary 3.25. Let D be a pseudoeffective divisor on a smooth projective variety X. Then we 
have 

Ky{D) = maxjdim Ay™(Il) | Y, is an admissible flag on X }. 

Proof. It follows from Corollary 13.221 and m Lemma 4.8]. □ 

If H is a big divisor, then by [LM[ Proposition 4.1] and [J] Theorem A] it is known that 
Ay,{D) = AyffD') for all admissible flags Y, on X if and only \i D = D'. Remark 13.131 
implies that the statement is false in general in the pseudoeffective case for Ay, [D) (as well as 
A™^(D)). We prove next that Ay™(L)) is an appropriate generalization of Ay.(H) which makes 
the statement true. We first consider a special case. 

Proposition 3.26. Let D be a pseudoeffective divisor on a smooth projective variety X. Fix a 
positive volume subvariety V Y X of D and consider an admissible flag Y, on X containing V. 
Then Ay™(L>) depends on the numerical class of D. 

Proof. By Proposition l3.21l we only have to prove the assertion for the V, instead of Y,. Suppose 
that D, D' are pseudoeffective divisors such that D = D'. Then Theorem 12.181 implies that 
{D + eA)\v, {D' + eA)\v are big on V for a fixed ample divisor A and any e > 0. By Remark 
EZl we have Ay. (D + sA) = Ay. (D' + eA) for any admissible flags V, on V. Thus we get 

A^ff(B) = lim^ Ay. (D + eA) = hm^ Ay. (D' + eA) = A’ff (£>'). 


□ 

























OKOUNKOV BODIES ASSOCIATED TO PSEUDOEFFECTIVE DIVISORS 


15 


For a pseudoeffective divisor D, we define the following set of divisors 

there exists an admissible flag Y, with Yi = E 
such thatAy™(F)) 2 ;j=o = 0 

Lemma 3.27. The divisors in are precisely the divisorial components o/B_(L)) 

and the set div{A^^'^{D)) is finite. 

Proof. Let Y, be an admissible flag on X such that Yf = E. By the definition of the Okounkov 
body, it is easy to see that for any ample divisor A and e > 0, 

ordE{\\D + £A\\) =inf{xi ,x„) G AyfiD + eA)} . 



div{A^^^{D)) := <; E 


If we let e ^ 0, then we have 


ordEdlDll) = inf 


|xi (xi 


.X, 


0 G A 


lim 

y. 



By Theorem 12.11 ord£;(||D||) > 0 if and only if E Q B_(L>). Thus we obtain the desired 
statement. The set div{A^^^{D)) is finite by [Nl Corollary 1.11]. □ 


We now prove a generalization of Jow’s theorem for the limiting Okounkov bodies. 


Theorem 3.28. Let D and D' be pseudoeffective divisors on X. Then the following are equiv¬ 
alent: 

(1) D = D' 

(2) Ay™(L)) = Ay™(T)') with respect to any admissible flags Y, on X. 

Proof. The equivalence (1) (2) is known for big divisors by |LMl Proposition 4.1] and [Jl 

Theorem A]. Thus we assume that D, D' are not big. The implication (1)^(2) follows from the 
big case: since Ay, [D + eA) = Ay, [D' + eA) for any ample divisor A and any e > 0, we have 

= lim Ay, (D + eA) = lim Ay, (D' + eA) = A^fi^{D'). 

* £^0 e—>-0 * 


To prove (l)-^=(2), we use the argument used to prove the big case by Jow in [3]. Let Ey- ,Ei 
be the divisorial components of B_(L)) and A an ample divisor on X. For any sufficiently 
general admissible flag Y, on X such that Yn-i ^ B_(L)), we have W-i 2 + A) for any 

ample divisor A and 

vo1r(A^“(D)3;i=...=3;„_i=o) 

= voIr ( lim Ay, {D + eA) ) 

J xi = -=Xr,-l=0 

= lim volR(Ay,(i:) + eA)3,^=...=3;^_^=o) 

£—>■ 0 + 

= lim volx|y„_i (L> + eA) (by [Jl Theorem 3.4 (b)]) 

= Yn-i-D-Yj I] ordE.(||D||) (by Lemma 13^. 

i=l p^Yn-inEi 


As can be seen in the proof of Lemma 13.271 we can read off ordEi(||Tl||) from the limiting 
Okounkov bodies A^fif{D) with respect to admissible flags Yf such that Y"/ = Ei. Therefore, if 
Ay™(T>) = Ay™(T)') for any admissible flags Y, on A, then we have W-i • T) = W-i • D'. As in 
[J], if we now consider sufficiently general flags Y,^, • • • , Yf (where p = dimN^(A)R) such that 
YjI_^, • • • , Y]f_^ form a basis of Ni(A)r, then we can conclude that D = D'. □ 


It remains to prove the following lemma which is used in the proof above. 
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Lemma 3.29 (cf. [H Corollary 3.3]). Let Y, he a sufficiently general admissible flag on X. 
For a pseudoeffective divisor D on X, let Ei, E 2 , ■ ■ ■ , Ei be the divisorial components ofB^{D). 
Then we have 

i 

= ^l 4 m^volx|w._i(L» + eA) = Y^-i -D-Y^ Y ordE,(||L»||). 

i=i peY„-inEi 


Proof. Suppose first that D is big. Since is very general, we have D G Big^"“i(X). Thus 
vol^|y — volx|y„_i(.D) and the statement is nothing but jj] Corollary 3.3]. 

Now let D he a pseudoeffective divisor. Applying the statement for the case of big divisors 
to volx|y„_i(T) + eA), we obtain 




^]im^volx|y„_i(D + eA) 


lim \Yn-i-{D + sA)-Y^ ordE.(||T> + eA||) 


£ —^ 0 -|- 


i=i peYn-inEi 


Yn-i-D-Y E ordE.(||I)||). 

2=1 p&n-inEi 


□ 


Remark 3.30. Fulger pointed out to us that in the equation of Lemma 13.291 we actually have 

i 

Y Y OTdEfl\\D\\)=Yn-l-N 

i=l peYn-lClEi 

where N is the negative part of the divisorial Zariski decomposition of D. 

Remark 3.31. In Theorem 13.281 it is tempting to expect that D = D' ii and only if Ay™(Zl) = 
Ay™(H') for any admissible flags Y, containing positive volume subvarieties of both D and 
D'. However, it is not true and we also need to consider the admissible flags not containing 
the positive volume loci of the divisor. For example, consider a pseudoeffective divisor D ^ 0 
on a variety X with Ki^{D) = 0. Let D' := 2D so that D ^ D'. Every point x G A with 
X ^ B_(L)) = B_(Z1') is a positive volume subvariety of both D and D'. However, we see that 
for any admissible flag Y, containing x, we have 

= {the origin of 

In fact, if we consider the admissible flags Y, containing positive volume subvarieties of both D 
and D' in Theorem 13.281 then using Remark 13.301 we only obtain P = P' where D = P + N and 
D' = P' + N' are the divisorial Zariski decompositions. 

Remark 3.32. Let D be a pseudoeffective Cartier divisor on X and E C A be its positive 
volume subvariety of dimension Ky{D). Let Y, be an admissible flag on A whose (n — Ky{D))-i\i 
partial flag Y(n-Ki,(_D))» induces an admissible flag E, on E. To construct the limiting Okounkov 
body Ay™(L)), we used the the restricted complete linear series IE,(A]E, D) which is a subseries 
of the complete linear series W, = {R°(E, Ov{rnD\v))}m>Q- Using the linear series W, instead, 
we can construct a convex body Xyy,{D\v) associated to the restricted divisor D\y on E. We 
can easily verify the following: 

dim Av.(L>|v') = Kv{D) and vo 1 k«.(d) Xv.{D\v) = — 77 ^ voly(Dly). 

The proofs are left to the readers. Let E, be an admissible flag on A which is general enough 
so that it contains both a Nakayama subvariety U and a positive volume subvariety E of a 
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pseudoeffective divisor D. Then we have the following inclusions: 

(#) c C ^v,{D\v). 

This confirms the inclusions volx|y(T>) < volJ^|y(T>) < volv'(T>|y) which we saw in Subsection 
12.31 If D is big, then all the inclusions are equalities. However, we will see in the next section 
that if D is not big, then they are strict in general. 

4. Examples 

In this section, we exhibit various examples and counterexamples related to our results. The 
following example shows that for some badly chosen flags, Theorems 13.121 and 13.201 do not hold. 

Example 4.1. Let tt : 5 —)■ be a blow-up of at two distinct points with exceptional 

divisors Ei and E 2 and L := 7 r*Clp 2 (l). Consider a non-big effective divisor D := L — Ei + E 2 , 
and fix an admissible flag 

y, : 5 2 El D {x}. 

Here we note that Ei is neither a Nakayama subvariety nor a positive volume subvariety of D. 
We have 

A^^{D) = Ay™(L)) = {{xi,X 2 ) G I 1 < xi < 2 and X 2 = 0 } 

whose Euclidean volume in the xi-axis is 1. However, note that = 64 .( 1 ! -|- eA) = E 2 

for an ample divisor A and a small e > 0. Thus we see that vo1x|Ei(E) = vol(^|g^(Z!) = 0. We 

also remark that A^^(Z!) = Ay™(I!) is not in the X2-axis as usual. 

Examples 14.21 and 14.31 show that the inequalities in ( [^ of Remark 13.321 can be strict. 

Example 4.2. In this example, we see that A^\E) C Ay™(L)) even if k{D) = Let 

5 be a relatively minimal rational surface, and H a sufficiently positive ample divisor. Take a 
general element V £ \H\. Fix an admissible flag 

Y,:SDVD { x }. 

Note that k{—Ks) = k,u{—Ks) = 1, and V is both a Nakayama subvariety and a positive volume 
subvariety of E. Thus we have voIri(A^^(— iLg)) = vol 5 |i/(— iLs) and volRi(Ay“(—iL^)) = 
vol^|y(—W^). However, we saw in Example 12.31 that vol 5 |i/(—< vol^|y(—ET^). Thus 
C A«“(-iL5). 

Example 4.3. Let S := P(E) where E is a rank two vector bundle on an elliptic curve C such 
that it is a nontrivial extension of Oc by Oc, and ff be the tautological divisor of P(E). Then 
we can easily check that H is nef and k{H) = 0 but Hy{H) = 1. Let E be a fiber of the natural 
ruling TT : S ^ C. Note that any point in S' is a Nakayama subvariety of H and E is a positive 
volume subvariety of H. Thus take an admissible flag 

Y,:SDED {x}. 

Then we can easily compute the following. 

( 1 ) A-'(H) = {( 0 , 0 )} and vol 5 |{,}(H) = 1 . 

( 2 ) Ay™(H) = {(xi,X 2 ) I xi = 0 and 0 < X 2 < 1 } and vol^|^(H) = 1 . 

(3) An(H|^) = A^”(H). 

For Ay™(H), we see the convergence of lime_>.o+ Ay, (H -|- eA) for any ample divisor A in the 
following picture. 
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In fact, we use the following theorem to compute the limiting Okounkov body Ay™(Z)) of a 
pseudoeffective divisor D on a surface (cf. |LM1 Theorem 6.4]) 

Theorem 4.4. Let S be a smooth projective surface, and D be a pseudoeffective divisor on S. 
Fix an admissible flag Y, ■. S C ^ {x}. Let a := multc where D = P + N is the Zariski 
decomposition, and pL := sup{s > 0 | D—sC is pseudoeffective}. Consider a divisor Dt := D—tC 
for a < t < pL. Denote by Dt = Pt + Nt the Zariski decomposition. Let a{t) := ord3;(A^t|c) CL^d 
j3{f) := a{f) + C.Pf. Then the limiting Okounkov body of D is given by 

A^fP[D) = {{xi,X 2 ) € I a < xi < ^ and a{xi) < X 2 < (3{x2)}. 

Proof. Let D^ := D+eA for some ample divisor A, and Df := D^ — tC. Denote by Df = Pf + Nf 
the Zariski decomposition. We see that the Zariski decomposition Dt = Pt + Nt is given by 
Pt = lim£^o+ Pf s-iid Nt = lime_j.o+ Nf . Since Ay™(D) = lime_s.o+ Ay. (D + eA), the assertion 
now follows from |LMl Theorem 6.4]. □ 

Remark 4.5. In Theorem 14.41 we do not need to assume that an admissible flag Y, contains a 
positive volume subvariety. 


Lastly, we give an example for which the inequalities (^) of Remark 13.321 are equalities. 


Example 4.6. Let A be a smooth projective toric variety with a torus T. For definitions and 
notations for toric varieties, we refer to [F]. When D is a big T-divisor, Ay™(D) = Aff{D) = 
Ay, (D) is the same as Pd up to translation for any fixed admissible flag Y,. Now let D be a 
pseudoeffective T-divisor on X. Then we have 

A^lP{D) = hm Ay.(D + eA) = n Ay.{D + eA) = fl Pd+sA = Pd- 
£:-)-0+ ' ' ' ' 

e>0 £>0 

For any smooth projective toric variety, we have k{D) = K.p{D) so that dim A™i(T)) = dimA^“(T)) 
In fact, we can show that Ajf^{D) = Ay™(D) for some admissible flag Y,. We first observe that 
there is a torus invariant subvariety of X which is both a Nakayama subvariety of D and a 
positive volume subvariety of D. To see this, consider a rational map / : X --■> Y given by 
the linear system | [mD\ \ for m ^ 0. Then any torus invariant subvariety V oi X dominat¬ 
ing Y via / is such a special subvariety. Now assume that an admissible flag Y, contains V. 
We now show that A^^{D) = Ay™(T)). It is enough to show that volx|v'(D) = vol'^^y{D) = 
lim£_>.o+volx|y (D -|- eA). Let V{t) be a T-invariant irreducible closed subvariety of X, and vr 
the projection of Mr to {Mr)^ = Mr n r-*-. Then we observe that 

(1) dimM*^(A, Ox{D)) = the number of lattice points in Pd, and 

(2) dimIm(M°(A, C)x(D)) —> Oy (D|y))) = the number of lattice points in tt{Pd). 

It follows that tt{Pd) = (^£>0^ {Pn+eA)- Thus yo\x\v{D) = volJ^|y(T)). 
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